In this paper the explicit flow representation to the Bose-Hubbard Hamiltonian is given in the general case. This representation may be useful in creating cat states for the system of atoms trapped in the optical ring.
We are especially interested in BECs trapped in an optical lattice in a ring geometry. On this subject there are many works, see [3] , or [4] , [5] , [6] and their references.
In studying the model we often use a Fourier transform, which is a fundamental tool. In [4] , [5] , [6] the flow representation (a discrete Fourier transform) of the Bose-Hubbard Hamiltonian with three BECs is given to study a cat state. However, the system of three BECs is too small for our purpose.
We are studying a quantum computation based on Cavity QED (see [7] and [8] ) and want to construct a hybrid system consisting of our method and some ideas (devices) coming from BECs, so it is important to know the flow representation of the Hamiltonian in the general case.
In this report we give the explicit flow representation to the Bose-Hubbard Hamiltonian in the general case. Our work may give a speed-up in studying the subject.
We treat in the paper the system of n harmonic oscillators
trapped in an optical lattice in a ring geometry, see the following figure. The Bose-Hubbard Hamiltonian in our context is
where a n+1 = a 1 (mod n) and J, U are some coupling constants consisting of the tunnelling strength, the interaction one respectively. See [3] or [6] and its references.
Let us rewrite the Hamiltonian by use of the matrix (vector) expression. We set a = (a 1 , a 2 , · · · , a n−1 , a n ) t where t means the transpose and
where σ = exp(2π √ −1/n) which satisfies the relations
The generators {Σ 1 , Σ 3 } are called the generalized Pauli matrices, which play an crucial role in qudit theory, see for example [9] , [10] , [11] . Then we have easily
What we want to do is to make the first term in (3) diagonal. For that let us remind the well-known decomposition
with the generalized Walsh-Hadamard matrix (transformation) W defined by
An interesting property of W used later is
It is worth noting that this property has been used in constructing the exchange gate (operator)
in qudit theory (see [9] where K = W 2 ).
A comment may be in order. In the case of n = 2 we have
Surely, there is a (big) difference between n = 2 and n ≥ 3.
Now we set
or more explicitly
This change of "variables" is a discrete Fourier transform in quantum computation and is called the flow representation 1 , see [4] , [5] , [6] .
Under this transform the first term of (3) becomes
which is just diagonal as required.
The real problem is to determine the second term of (3) in terms of (8) . In fact, it is not so easy. The aim of this paper is to give the explicit form to the term and we obtain the following
The proof will be given in [12] . It is interesting to note that W 2 in (7) is used in an essential manner.
Therefore the Bose-Hubbard Hamiltonian (1) becomes
in the flow representation.
Let us write down (11) explicitly for some special cases (n = 3, 4 and 5). 
1 we don't know whether this terminology is universal or not n=4 :
